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QCD phase diagram at finite chemical potential
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Introduction

The (T, ug)-phase diagram of QCD

Temperature (MeV)

Hadronic Gas

0 250 500 750 1000
Baryon Chemical Potenial i (MeV)

Our observables:
Last Year: T,

[
R. Bellwied et al., Phys. Lett. B751, 559 (2015), arXiv:1507.07510 ’.
=%
This year: The Equation of State
=
J. Giinther et al., arXiv:1607.02493 ¥
[OFg-
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Possibilities on the lattice

The sign problem

The QCD partition function:
Z( V’ T7 ,LL) = /DUDwD’lZe_SF(UﬂLWZ))—,BSG(U)

= /DUdet M(U)e P5W)

» For Monte Carlo simulations det M(U)e=?5¢(Y) is interpreted as
Boltzmann weight

> If there is particle- antiparticle-symmetry det M(U) is real
> If > 0 det M(U) is complex
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Possibilities on the lattice

Dealing with the sign problem

Reweighting technics

Canonical ensemble — 14:20 Vitaly Bornyakov
Complex Langevin — 14:50 Benjamin Jager
Density of state methods

Dual veriables

Taylor expansion

Imaginary u

vV vV vV vV vV VvV VY
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Possibilities on the lattice

The Taylor expansion method
The pressure can be written as:

F- 5 i (2) () ()

with X = B, Q, S: conserved charges
XX can be determined on the lattice at u = 0 as:

o (&
Xn = (T)n
0 (%)

With the Taylor coefficients the observables can be extrapolated to finite
chemical potentials
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Possibilities on the lattice

Imaginary p

Roberge-Weiss

P S —

N\ continuation

") dpmaayou
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lattice simulations | real chemical potentials
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Overview over current status

Lattice 2015 - Curvalure of the phase diagram

freeze~out [Becottini et.ol., Cleymans et.ol. 2005]

freeze—out parametrization [Andronic et.ol. 2008]

Wuppertal dstout Ni=10,12,16 Analytical 1507.07510] 50

modified statistical fil [Becattini et.l. 2012]

~
Bielefeld-CCNU HISQ Nt=6 Taylor % 150
=
. Cea et al HISQ NI-6,8,10,12 Analytical [1508.07599] I
&
£ 100 Dysan—Schwinger [C. Fischer et.ol. 2014
e Pisa 2stout Ni=6,8,10,12 Analytical [1507.03571) o - yson—Schwinger [C. Fischer et.ol. 2014]
)
a
E
)
=

TEILe

freeze—out from fluctuations [Alba et.al. 2014]
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The Equation of State
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Overview over current status

Tc
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The Equation of State

My Analysis

Simulation details

a [fm] , from direct simulations —s—
e W, from small volume - -e- «
0.2 iy w from large volumes —e—
w f, based scale —- —
0.15 (\ W, based scale — - —
e,
0.1 ‘m
h N
~u_
0.05 —._
.
B
0
36 38 4 42 44

> Action: tree-level Symanzik improved gauge action, with four times
stout smeared staggered fermions

» 24141 flavour, on LCP with pion and kaon mass

» Simulation at (ns) = 0 (as for heavy ion collisions, in contrast to
simulations with s = 0 or pus = 0 where ps = — is)
Lattice sizes: 323 x 8, 403 x 10, 483 x 12 and 643 x 16
48 = ilT with j = 0,3,4,5

» Two methods of scale setting: f; and wy, Lm, > 4



TC
The Equation of State

My Analysis

Observables
Chiral susceptibility: e

o TS
006 i o=
T &*InZ v %5**& ?"x
Xdv = /a7 \2 £ o
T Va(m)y s,
r m? o T T 0 0 @ Pt
X = (T2 8) ~ x300.8) T8
™ 0.4f Continuum N
N;=16 ©
Chiral condensate: Lo woioo
_ . Tomz Fo2
(Wv) = v omyg .
0.0l
- - - m’ 100 120 140 160 180 200 220
(G0 = (FOT.B) - G.p) T IR
7T I Continuum EI 3

08

Strangeness susceptibility: L 0
,?;.

T 8InZ

02

XSS =177 v

v a (,U/s) 00 :

100 120 140 160 180 200 220
T [MeV]

S. Borsényi et al (2010, arXiv:1005.3508)
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My Analysis

Xzﬁjg/;

SPETS w=0i lattice: 48° x 12
011 o p=1.1781i X2/ Ngo = 0.5
o E| o p=1.5708i
~ "E|: m=1963si
Q. 0.09;—
EE ODS;
:3 0.06;
0.05;
E ¢}
0.04—
B vov v
= 20 (Tleg W) / MOV 0 B
Fit function: P
Vu(T) = C+ A%(u) (1 + WA(u)(T — Te(1))?) L for T< T,
C+A () 1+ PPWA(u)(T — Te(p))?) for T > T,

r _ A(p)
Cor x4 (T) = C+ Trwagmr—rrR WS =TG5 )
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TC
The Equation of State

My Analysis

F[+u=0i
o7l + W=1.1781i
“El + p=15708i
F| + p=1.9635i
06[—
g2 F
2 os5—
2 C
S C
< |
04—
F lattice: 48° x
03—
s | \2 dOf:\1-2214\ | | | | |
S i L Ll *
(T-T) TMev
Fit function:

(W) (u, T) = A(p) (1 + Btanh [C(T — Te(u))] + D(T = Te(w)))
(‘or 97 (n, T) = A(p) (1 + Barctan [C (T — Te(u)] + D (T = Te(n))))
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My Analysis

XSS

S Hg=0 —+—
x2(T) <820, gxapolod rom 0 o
12 >=0 direct simulaton ——
Hg=H,=Hg ex(rapo\a(ed from pg=0 —a—
1= 1.9635i 11 ngmn =g extrapOlated from <§>=0, pg>0 ——
60 °
N s
g 08 B Laa®
e RN
B 06 &
< t - A%
+®° 5% 3, y
0.4 *ﬁ § 40°x10 lattice
*@ nh/T=5m/8
02 K
e o
E . , . ) o Lo T [Mev]
o 5 g 2 3 %
(T-T) I Mev 120 140 160 180 200 220 240 260 280

Fit function:
xss(u, T) = A(p) (1 + Btanh [C (T — Te(p))] + D(T — Te(w)))

(or xss(u, T) = A(n) (1 + Barctan [C (T — Te(p))] + D(T = Te(1))))
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My Analysis

Curvature

T(( [ ) 1T

lattice: 40° x 10
K =0.0126182
X2 /N, =0.902994
Q = 0'4bs354
el L b b b b b L

-4 -35 -3 -25 -2 " -15 -1 05
(m/Te)

_ 2
Curvature function: G(x) =1+ ax+ bx

2
Te(p 1
Tc(éos)) =l-r (%) +O(u) G(x) = T e + ZX
For error analysis we also fit: T Xl
C =
3(x) 1+ ax + bx2
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My Analysis
Continuum extrapolation

Continuum extrapolation:
2
_ ,C 1
k=K "+ A (Nt)
Combined curvature fit and con-
tinuum extrapolation with:

2
g =1 (v ran) ()
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The Equation of State

My Analysis

Continuum extrapolation

Continuum extrapolation: Extrap. with Nt = 8, 10, 12
2

_ ,.C 1 F
k=~ +A(Nt) .3
Combined curvature fit and con- o
tinuum extrapolation with: <o
2 £
TC vulz;
i =1-(erai) (7).

, | | | L L \ I
A
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My Analysis

Continuum extrapolation

Continuum extrapolation:
2
_ ,C 1
k=K "+ A (Nt)
Combined curvature fit and con-
tinuum extrapolation with:

2
e =1 (e am) (%)

Extrap. with Nt = 8, 10, 12, 16

ooss
oo
aoies
00w
* oous|
0013

oouzs|

ooz
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Q= 0%8602675

oous|
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iy
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c -
The Equation of State

Extrap. with Nt = 8, 10, 12
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My Analysis

Continuum extrapolation

Continuum extrapolation: Extrap. with Nt = 8, 10, 12
2
_ ,C 1
K=kK"+A (Nt)
Combined curvature fit and con-
tinuum extrapolation with: “ oo

2
i =1 (eram) ()

Extrap. with Nt =8, 10, 12, 16 Extrap. with Nt =10, 12, 16

o015

, | | | L L \ I
A
iy
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The Equation of State

My Analysis

Comparison for different observables

xEs: (ns) =0 and
: 0.5(B) = (Q)
NJ Xss: {(ns) =0 and
: Xes 0.4(B) = (Q)
ﬁ L]
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c
The Equation of

My Analysis

T, extrapolation

.. . . T, 2
Determining T.(ug) by solving the equation % =G (— T‘Z‘(BH))
c c

=
v 150
= Go(x) =1+ ax
(0] 2
5 100 - N Ci(x) =14 ax + bx
° —@— Dyson—Schwinger [C. Fischer et.al. 2014]
o 41 freeze—out [Becattini et.al., Cleymans st.al. 2005] C2 (X) — 1—‘-73)(
g‘ r4i  freeze—out porametrization [Andronic et.ol. 2008] 1+ bx
o 50 t=i  modified statistical fit [Becattini et.ol. 2012] ] 1
— .

{4 freeze—out from fluctuations [Alba et.al. 2014] C3 (X) =—

. | . | . 1+ ax+ bx

200 400
Baryonic chemical potential (MeV)

Jana Giinther QCD phase diagram at finite chemical potential



Tc
The Equation of State

My Analysis

Introduction

Possibilities on the lattice

Overview over current status

My Analysis

The Equation of State
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Tc
The Equation of State
My Analysis

Overview over the Analysis
1. Do the simulations at (ns) ~ 0
2. Extrapolate to {(ns) =0 and
(ng) = 0.4(ng)
3. Make a fit in the T direction

4. Determine everything you need
for the observables

fattice: 48° x 12
21N, = 132442
0858095

5. Make a fit in the ppg direction

E—
T2
uy /T

6. Make a fit in the % direction ok
t

P2 = 0.0524586 + 0.000432165
71N, = 0913279
Q= 0%3924

7. Determine the observables

i 0 /Nl");”
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Tc
The Equation of State

My Analysis
0.25
a [fm] , from direct simulations —s—
o W, from small volume - -e- «
02
»! W from large volumes —e—
( f, based scale —- —
0.15 i\ W, based scale — - —
e
0.1 ‘m
h N
e
0.05 e
.
0 B
36 38 4 42 44

> Action: tree-level Symanzik improved gauge action, with four times
stout smeared staggered fermions

» 24141 flavour, on LCP with pion and kaon mass

» Simulation at (ns) = 0 (as for heavy ion collisions, in contrast to
simulations with s = 0 or pus = 0 where ps = — is)
Lattice sizes: 403 x 10, 483 x 12 and 643 x 16
42 —{I% with j=0,3,4,5,6,6.5and 7

» Two methods of scale setting: f; and wy, Lm, > 4
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Tc
The Equation of State

My Analysis

Fit in the T direction

E + 1 =0.785397i
dp f
dﬂB 01_—
0»05:_ lattice: 48° x 12
E 2/N =0.977524
13 = 0’4 h0529
MeV
A1(T) — a+bT+c/T+darctan( (T )
Ao(T) = a+bT+¢/T+d/(L+e(T—FF)Ye,
A(T) = a+bT+cT2+darctan(( - 1))
AT) = a+bT+cT2+d/(1+e(T - F)E)/e,
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The Equation of State
My Analysis

Fit in the g direction

g
Z:; lattice: 48° x 12
E $2IN,  =1.32442
u.oa? Q = 0.258095
) =7 -5 B3 uA/TC 2,3 ) =] )
Bi(fi) = a+bp*+cpt
Bo(p) = (a+bp?)/(1+cp?)
By(p) = a+bp?+csin(p)/p
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The Equation of State
My Analysis

Extrapolation from different fit functions

Analytical continuation on N; = 12 raw data

0.15

0.1

7 d(p/T?)

us d(ps/T)

0.05

| §<a+bu2>/(1+cu ) :
- """""" a + b2 + CSHI(#)/;L

-8 -6 -4 -2 0 2 4 6 8
(uB/T)* = —p?

Jana Giinther QCD phase diagram at finite chemical potential



Tc
The Equation of State

My Analysis

Error estimation
» Statistical error:

Bootstrap method

» Systematic error:

Using different way of analysis, combining them in a histogram:
4 fit functions for the T direction
3 fit functions in the ppg direction
Doing continuum extrapolation and pp-fit in one or two steps
2 methods of scale setting: fr and wp
2 temperatures from where we use the extrapolated data

v

vy vy VvVYy

This adds up to 96 ways of analysis

1600

systematic error
statistical error
combined histogram
[ combined error

1400

1200

1000

8

kel

g8

- , n
th:96 N
200 Niootstrap T4 T
B | 1 Il Il L L L
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The Equation of State

My Analysis
Taylor coefficients
3.0~ ‘ 1.0
T
251 st 1 08
2.0¢ o 1 06
1.5} -5 ,
1.0} IITII g 04
0.5 et L 102 10- ¢y
0.0 — —1 00
10 1.0 —
3.50 1 .. 10000 - ¢
3.01 {05 1
g:g I 1000-¢,] 0.0
15 1-05
.
0.0

. . . . . . . —1. . . . . . . .
140 160 180 200 220 240 260 280 g 140 160 180 200 220 240 260 280
T T

MeV MeV

The Taylor coefficients of 4 = co + ¢ (“—7‘?)2 +q (“75)4 + ¢ ("—7?)6
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My Analysis

Influence of different orders

T = 145MeV
0.4 . r T

0.35

0.3

0.25

TLB/T3

0.2

0.15

0.1

0.05
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The Equation of State

My Analysis

Influence of different orders

T = 170MeV

0.6 : , .
0.55 | Opp) ——mse ¢+ }
O (uj) —=—s ‘ ‘ }
05} ! e 5 ,,,,,,,,,,,,,,,,
045 bt O(uB) ,,,,,,,,,,,,,,,,,,,,,,, ,,,,,,,,,,,,,,,,,,,,,,, ” { i
ST 7Y S 1111 ti—
025 l,,:!!“i rrrrrrrrrrrrrrrrrrrr A :
0.2 _,,,,,,,,,,,,,,,‘,“gg,&yf"f ,,,,,,,,,,,, — — J
0.15 _“.u,l,!',,',,,,,,,,g ,,,,,,,,,,,,,,,,,,,,,,, A S |
0.1 : : :
1 15 2 2.5 3
ws/T
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My Analysis

Trajectories

300 ‘ ‘ ‘ : : : :

250

150

100

0 50 100 150 200 250 300 350 400
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The Equation of State

My Analysis
Equation of state
3.5
3.0} .
L 25 gr 1OF ]
™ 20t 1337 1
K ¥ ¥ S
1.5+ 73 | 51 1
1.0} ce¥ ] 5
05 yyrr?t Py =420
gg } } } } } } }
or Yty
4.0 BERSE SRS ]
ap 35| Prast Py ]
=g 30l } $ % i : T
20l { Pov=5st]
{(5): 1 f I £ =420 1
0920 T4 160 IS0 200 220 20 260 20
T

MeV
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The Equation of State

My Analysis

Conclusion

> Lattice can investigate the phase diagram at small chemical
potential (up to = 300 MeV) by analytical continuation via

1. Taylor expansion method
2. Simulations at imaginary

Results for the transition temperature
Results for the equation of state up to order p®
This approach only works up to a critical point

Other methods have to be found beyond that — two talks this
afternoon

vV v v v
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